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Abstract: We study spherical functions on the space isogeneous to U{n,n)/{U{n) x 

f— ( ' U{n)) over a p-adic field, especially those functional equations with respect to the 

^ . action of the Weyl group, the location of possible poles and zeros, and explicit 

r~| ! formulas for some special points. Then, as an application, we give a functional 

"j^ \ equation of p-adic local hermitian Siegel series. 



§0 Introduction 

Let k' be an unramified quadratic extension over a be a non-archimedian local filed k 
O i of characteristic 0. We fix a prime element vr of k, and the additive value v.,^{ ) and the 
^ \ normalized absolute value | | on fc^, where |vr|~^ = q is the cardinality of the residue class 
' field of k. We consider hermitian matrices with respect to the involution * on k' which is 
■ identity on fc, and set 

o^ : 

9: H^ = {AeM^{k')\A* = A}, ni^ = nmr\GLm{k'), (0.1) 

_> . 

^ ! where, for a matrix A = (aij) G Mmn{k'), we denote by A* the matrix (aji*) G Mnm{k'). 
^ I For T G TC^'^, we define the space 

XT = {xe M^nAk') I X*HnX = T} , Xt = Xt/U{T), 

where U{T) = {g E GLn{k') \ g*Tg = T}. Then we see that Xt is isomorphic to 
U{Hn)/{U{T) X U{T)) over k (cf. Lemma 1.1). We set G = U{H„) and K = G{Ok'), 
and introduce the spherical function ujt{x] s) on X^ by 



ujt[x; s 



[ Ifrikx)]'^' dk, (xgXt, sgC"). (0.2) 
Jk 
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Here dk is the normalized Haar measure on K 



n 

\fT{x)\' = l[\d.{x2T-'xl)\'' {seen, 



1=1 



where X2 is the lower half n by n block of x G Xt and di{y) is the determinant of 
the upper left i hy i block of y. The right hand side of (10.21) is absolutely convergent 
if Re(si) >l{l<i<n — 1) and Re(s„) > |, continued to a rational function of 
q"^^, . . . , q'^", and becomes a common eigen function with respect to the action of Hecke 
algebra Ti.{G, K); thus we have a spherical function on Xt (as well as X^). 
We introduce a new variable z which is related to s by 

Si = -Zi + Zi+l (l<i<n-l), Sn = -Zn (0.3) 

and write uxix; z) = ut(x;s). We denote by W the Weyl group of G with respect to 
the maximal fc-split torus in G. The group W is isomorphic to Sn ix {C2)"', Sn acts 
on Zi by permutation of indices and W is generated by Sn and r : {zi,...,Zn) 1 — ^ 
{zi, . . . , Zn-i, —Zn)- We denote by S+ the set of positive roots of G with respect to the 
Borel group, and regard it a subset of Z" and set (a, z) = Yl^=i ^i^i « G (for 
details, see §2.3). 

We will prove the following in §1 and §2 (Theorem 1.3, Theorem 2.5, Theorem 2.8). 
Theorem l(i) For any T G Ti^'', the function 

n (i-,..-..-i) 

i<«<i<" 

zs holomorphic for all z in C" and Sn-invariant, and the function 



(l + g^^-^i)(l + g^^ .J 

l<i<j<n ^ ^ J\ ^ 



\-Z1-Z2 Zn 

II ^^^TT^ 



is also holomorphic for all z in C" and W -invariant. In particular the latter is an element 
zn C[q^'\...,q^'"]^. 

(ii) For any T G TC^f and a G W , the following functional equation holds 

ujT{x;z) = T„{z)-ujT{x]a{z)), (0.4) 

where 

r,W= n fMa,z}), /„(*) = < I'-r' 

aeE+ I |2| if a is long 

a{a)<0 



Further, we will give an explicit expression of ljt{xt] s) based on functional equations 
and data of the group G in §3 (Theorem 3.2). 
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As an application, we consider the hermitian Siegel series in §4. For each T G Tin, the 
hermitian Siegel series &7r(T; s) is defined by 

K{T;s)= [ v^{RY'i){ti{TR))dR, (0.5) 

where tp is an additive character on k of conductor Ok-, tr( ) is the trace of matrix 
and Vt^{R) is the "denominator" of i?, which is certain non- negative powers of q (cf. 
(4.1)) As for Siegel series (for symmetric matrices), F. Sato and the author have given 
a new integral expression and related it to a spherical function on the symmetric space 
0{2n)/{0{n) x 0{n)) (cf. [HSj ). In the present paper we develop the similar argument 
for hermitian Siegel series. Since we know well about the functional equations of spherical 
functions ujt(x; s) with respect to W as above, we can bring out the functional equation 
of bTj{T; s) as an application; thus we will give an integral expression of h.,^{T\s) and a 
new proof of the functional equation from the view point of spherical functions in the 
follows(Theorem 4.2, Theorem 4.4). 

Theorem 2(i) //Re(s) > 2n, one has 

b^{T;s)=Uk';^)-'- I |iVfeVfe(detx2)|^""|eT|(x), (0.6) 

where ^^(Cfc') = Xt H M2n,n{Ok') , Cn{k'; ) is the zeta function of the matrix algebra 
Mn{k'), and \Qt\ (x) is a certain normalized measure on Xt- 

(ii) For any T G TC^'^, one has 
= x.(detT)"- |det(T/2)|- x , ^T; 2n - .) 

where Xn is the character on determined by 

X^(a) = (-l)"^^"^ = |a|T^, aek"". 

We note here that the above functional equation is related to an element of the Weyl 
group of U{n, n), which was not the case for symmetric case when n is odd. The existence 
of functional equation of bTr{T] s) was known in an abstract form as functional equations 
of Whitakker functions of a p-adic group by Karel [Kr] (cf . also Kudla-Sweet |KS] , Ikeda 

my 

Acknowledgement. The author is grateful to Prof. Y. Komori, to whom the author 
owes much to formulate in terms of root systems. 
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Let /k be an unramified quadratic extension of p-adic fields with involution *, and for 
each A = (aij) G Mmn{k'), we denote by A* the matrix (cijj*) G Mnmik'). We set 



nm = {Ae M^{k') \ A* = A}, ni'^ = n^n GL^{k') 

For A G Tim and X G Mmn{k'), we write 

A[X] = X*AX = X* -AeHn, 

and define the unitary group 

U{A) = {geGLr^{k')\ A[g] = A}. 

In particular we write 

Ir 



G = U{n, n) = U{Hn) with Hn 



In 



For T G ni^, we set 

Xt = {x G M2„,„(A;') I H^[x\ = T} , = Xt/U{T), 

Xt = 



:i.2) 



1 G X 



T- 



The group G acts on Xt, as well as on Xt-, through left multiplication, which is transitive 
by Witt's theorem for hermitian matrices (cf. [Schj, Ch.7, §9). 



Lemma 1.1 The stabilizer subgroup of G at xtU{T) G Xt is given as 
where 



^" ) G GL2nik'). 



1 -T 

In particular, the space Xt is isomorphic to U{Hn)/ {U{T) x U{T)). 
Proof. First we note 



Txt = ( ^ ) G M2„,„, 



Then, we have for any h G U{T) 

xtH = 



if if 

2 -"^n 2 " 





-T-i 



For g & G such that gxr — xt, since TgT ^ belongs to U{Hn[T ^]) and stabihzes Txt, 
we see 

fgf-^ = ( ^ ) ' so™® ^ ^ t/(-r-i). 

Hence any element in the stabilizers at xtU (T) has a form 



and the assertion follows from this. 

We fix the Borcl subgroup of G as 



b is upper triangular of size n, 
a + a* = 



(1.3) 



For each element x G Xt, we denote by X2 the lower half n by n block of x. We consider 
the following function on Xt 

kA^) = di{x2T-'xl) l<i<n, (1.4) 

where di{y) is the determinant of the upper left i by i block of a matrix y. Then, fT,i is 
a relative 5-invariant associated with /c-rational character ipi of B as follows 

i 

i=i 

where bj is the j-th diagonal component of 6 G -B and N = Ni^i j^. Since frA^h) = JtA-"^) 
for any /i e U{T), we understand JtA-'^)-! 1 < < 't-, as 5-relative invariants on X^. 

Remcirk 1.2 Though we can realize above objects as the sets of /c-rational points of 

algebraic sets defined over k and develop the arguments, we write down to earth way for 
simplicity of notations. We only note here that {x G Xt \ frA-^) 7^ 0' 1 < i < n} is a 
Zariski open i?-orbit over the algebraic closure of k. 



For the absolute value | | on /c^, we set |0| = for convenience. For simplicity of 
notations, we write an element x = xU{T) in Xt by its representative x in Xt in the 
following. We denote by 6 the modulus character on B (i.e., di{bb') = 6{b')^^di{b) for the 
left invariant measure di{b) on B), then 

sHb) = 11 \A{b)\-' X \Ub)\''^ ■ 

i=l 

Now we introduce the spherical function u;{x; s) on Xt = Xt/U{T): for s e set 

ujt{x] s) = uj!p\x] s) = / \fT{kx)\^~^^ dk, (1.6) 

Jk 



where dk is the normahzed Haar measure on K = G H GL2n{Ok')i 

n n 



i=l i=l 



The right hand side of fll.6p is absolutely convergent if Re(sj) >l(l<i<n — 1) 
and Re(sn) > |, continued to a rational function of g'*^, . . . , q^", and becomes a common 
eigenfunction with respect to the action of the Hecke algebra TC{G,K) (cf. [H2j|, §1). 
It is easy to see 

^T[h]ix] s) = urixh'^; s), h E GLn{k'), x E XT[h], (1-7) 

since = (Xt) h. Hence, in order to study functional properties of ljt{x; s) (e.g., 

Theorem 1 in the introduction), it suffices to consider only for diagonal T's. 

We introduce a new variable z which is related to s by 

Si = -Zi + Zi+i (l<i<n-l), Sn = -Zn (1.8) 

and write ujt{x] z) = ujt{x', s). The Weyl group of G relative to the maximal fc-split 
torus in B acts on rational characters of B as usual (i.e., a{ip){h) = ipln'^bn^) by taking 
a representative n^- of a), so W acts on z and on s as well. We will determine the 
functional equations of u!t{x; s) with respect to this Weyl group action. The group W is 
isomorphic to S'„ ix C2 , 5'„ acts on z by permutation of indices and W is generated by Sn 
and r : (2:1, . . . , 2;„) I — > (zi, . . . , z^-i, -z^). 

By using a result on spherical functions on the space of hermitian forms, we obtain 
the following theorem. 

Theorem 1.3 For any T E Ti.^f, the function 

q^j _|_ q^i 



o'^i — q 

l<i<j<n ^ ^ 

is holomorphic for any z in C" and Sn-invariant. In particular it is an element in 

Proof. By the embedding 

Ko = GL40k>) ^K, h ~ f h* ' 



h 



we obtain 

ujt{x] z) = ujt{x] s) 



dh 

Ko J K 



dhl \fT{kx)\'^' dk 
Jk 



5+e 



fxikkx) dk = / frihkx) 

Jk J Ko 



S+£ 

dhdk 



C^"\D{kx);s)dk. 

K 
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Here D{kx) = {kx)2 ■ T ^, which may be assumed in Ti"*^, and C^^\y; s) is a spherical 
function on Ti'^'^ defined by 

n \d.{h ■ vT"-'^ dh, 

and we keep the relation of variables s and z as before. Then the assertion of Theorem II .31 
follows from the next proposition. I 

Proposition 1.4 (cf. IHll or |H3I ) For any y G Hlf, the function TT — — — - x 

l<i<j<n ^ ^ 

C^^\y', s) is holomorphic for s G C" and invariant under the action of Sn- 
In jH3j §4.2, we considered the spherical function 

l[xAd^{h■y))mh■yT^<dh, (1.9) 

where Xn is the character of defined by Xnia) = (— l)'''"^") and e' = (—1, . . . , —1, 
comes from the modulus character of the Borel subgroup of GLn{k') consisting of lower 
triangular matrices. The function (^"\x; s) satisfies the same functional properties as 
uo'^^\y] s), since uj'^^\y; s) = |det ?/| ^ C*-"-*(l/; s). 

Remark 1.5 For the transposition Tj = (z i + 1) G W, 1 < i < n — 1, the following 
functional equation holds by Theorem 11.31 

]_ _ qZi-Zi+i-i 

ujt{x;z) = —- X ujT{x;Ti{z)), l<i<n-l. (1.10) 

qZi— zi^i — q 1 

On the other hand, one can obtain fll.lOp directly in the similar way to the case of r 
in § 3, then Theorem 11.31 follows from fll.lOp . through the similar line to the proof of 
Proposition II. 4[ In fact. Proposition 1.4 was proved by using functional equations of type 

dnni). 



§2 

We calculate the functional equation ioi t E W, and give the functional equations with 
respect to the whole W. We fix a unit e G for which k' = k{^). If k is not dyadic, it 

is well-known that Ok' = Ok + Oky/e. If k is dyadic, we may take e as e G 1 + 4C^, and 
then k^nOk' = Ok^/e (cf. [Um|, 63.3 and 63.4). 

2.1. First we calculate the spherical function for n = 1. Since N{0^,) = , we may 
assume that 

T = TT^. 
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We collect the data: 

G = U{1,1) 



u 



a \ / 1 Wy/e 
a*-^ ) \ v^e 1 + vwe 

a \ / 1 
a*-^ ) \ 1 
K ^ Ki = Ki^i U Xi,2, where 

a OLvj \fl 



a e A;'^ , v,w E k 
a G /c'^, w G /c > , 



a G O^,, G Ofe ^ , 



anu^/e a{l + vr-uf ) 



a* ^ a* ^v/we 



a G (95, u,v eOk> . 



Xi 
X2 



X^X2 + X1X2 = TT > , 



and 



Xt = Xt/OI, where O^, = {£ G Ok' \ N{e) = 1} , 
fi{x) = 7r-^A^(x2) for x G Xt, 



/ xMiihx))\Mhx)rUh, 



where dh is the Haar measure on Ki. 

Proposition 2.1 (i) A set of complete representatives of Ki\Xt forT — tt^ can be taken 
as follows: 



X. = TT 



1 A-2e 
2" 



e G Z, 2e < A - w^(2) ^ . 



(ii) For Xe G Xt with T — tt^ as above, one has 



uj!^\xe;s) 



1 + q 



-1 



X 



qs _ g-s 



^^(A-2e-eo+l)s^2 - g"^*"^) - g-(^-2e-eo+l)s^2 - g^^"^)) , 



where cq = f,r(2). 

(iii) For any T G Tii"^, a;^^'*(a;; s) is holomorphic for all s ^ C and satisfies the functional 
equation 

uj!^\x;s) — 121'"^^ Oi)!^\x; —s). 

Proof. It is easy to see that the above set contains a representative of each coset 
in Ki\Xt, and the explicit formula in (ii) indicates us there is no redundancy within it. 
For h G Ki^i written as in the above list, we have 

fi{hxe) = 7r^^-^N(a*-\u^/^+(l + uv)l-7r^-^'')). 
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Since vol{Ki^i) = j^^prr, we obtain 

/ xAfiihXe))\fiihx,)r'^dh 

(_l)Ag(A-2e)(s-i) 



2min{r, A-2e-eo}(s- i) 



r>0 



1 + 

(_l)A^(A-2e)(s-|) /(I _ - g-2(A~2e-eo)s^ 



-2s 



-2(A-2e-eo)s 



For h G -ft'i,2; since 



we obtain 



X7r(/l(/ia;e)) |/i(/lXe)|* ^ dh = 



A (A-2e)(s-i) 



Thus we obtain 



(1)^ ^ 



(_l)Ag(A-2e)(s-i) I 



1 + 1-q 



-2s 



(^l _ g-2s-l _^ ^-2(A-2e-eo)6-l _ ^-2(A-2e-eo+l)s) j 



(-i)v~*-'i2r 1 



^^(X-2e-eo+l)s^^ _ g-2s-l) _ g- (A-2e-eo+l)s j^]^ _ g2s-l^|^ 



1 + q"^ — 

which proves (ii), and the assertion (iii) follows from (ii) and (11. 7p . 

2.2. Assume that n > 2 and set 



/ In-l 







V 



u 



ln-1 



G G, u,v e O^,, uv* = 1 



/ 



{e.g.,u = y^, V = u = v = 1), 

then Wt gives the element t E W and r{z) = {zi, . . . , Zn~i, —Zn). We will prove the 
following. 

Theorem 2.2 For any T G Ti^'^, the spherical function satisfies the following functional 
equation: 

ut{x;z) = |2|'^"u;T(a:;r(z)). 
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The parabolic subgroup P = Pr attached to r is given as follows (cf. [Bo], 21.11): 
P = BU BwrB 

\ 



( q 


\ 


1 l„„i a 




a 


h 


1 














d 1 


v 


-a* 1 



In 


B (3 ' 






-13* 


j eG 




In . 





q is upper triangular in GLn-i{k'), 
5 G Af„_i(A;'), 5 + 5* = 



(2.1) 



where each empty place in the above expression means zero-entry. 

Hereafter we fix a diagonal T e TC!^^, write fi{x) = fT,i{x) by abbreviating the suffix 



T, and set 



X e Xt 



n /^(^) ^ • 



i=l 



We consider the following action of P = P x GLi on Xt = Xt x V with y = M2i{k'): 
a b 



where p{p) 



c d 



g[x,v) 



for the decomposition as in ( 12. ip . For (x, f) G Xt, set 

In-l 



det 



X2 \ _ ^-1 

-y 



(2.2) 



where X2 is the lower half n hj n block of x (the same before) and y is the n-th row of x. 
Lemma 2.3 (i) g{x,v) is a relative P-invariant on Xt associated with character 
^ip,r) = N{p, ■ ■ ■p„_i)-iiV(r)-i = V^„_i(p)iV(r)-\ {p,r) e P = P x GL^, 
where Pi is the i-th diagonal component of p and ipn-i is well-defined on P , and satisfies 

g{x,vo) = fnix), Vo 

(ii) g{x,v) is expressed as 

g{x,v) = D{x)[v], 

with some hermitian matrix 
D{x) = 

such that detD{x) = and b = — | /„_i(x). 
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a b + Ci/e 
b — Ci/e d 



(a, b,c,d E k), 



(2.3) 



(2.4) 



Proof, (i) It is easy to see that (^((l, r)- (x, f )) = A^(r) ^g{x,v). In order to consider 
the action of P, we write an element p E P as 



( 



V 



V 


* 


* 


* 





a 


A 


h 
















c 




d 



p e A,/x G Mi,„_i, ( ^ J )Gt/(l, 1), 



and for x G X^^ we denote by a;' the matrix consisting of the upper in — V) rows of X2, 
by z (resp. y) the ra-th row of X2 (resp. x). Then we obtain 



det 



det 




dx + cy + fix' \ ■ T ^ 



-{ay- 


f Ax' - 




p*-i 






/i 


d 


— c 


-A 


-b 


a 



( t ^ 








\-y) 













det 


1 







X 



det 







* 


e 



= A^(detp) '^g{x,v), 

where e = ad ~ be E 0\i . 

(ii) Since g{x,v) is a hnear form with respect to both Vi,V2 and f*,f2, and g{x,v)* 
g{x, v), we have an expression (12.31) with some D{x) G 7^2- Writing T = Diag(ti, . . . ,tr^ 
we have 

1 1 

g{xT,v) = {ti---tn)~\vi~V2-tn){vl-V2-tn), 



{tl---tn) ^ — 1(^1 ■ ■ ■ ^n-l) ^ 

-^{tl - ■ - tn-l) ^ 4(^1 ■■•^n-l) '^tn 

in particular det D{xt) = 0. Since g{x,v) is a relative P-invariant, we have 

iJn-i{p)D{x) = D{px)[p{p)], pe P, 
in particular we see (cf. Remark 1.2) 

det D{x) = 0, for any x G X^. 



(2.5) 



(2.6) 



Since the expression (12. 4p is determined by x, let us denote b{x) in stead of b in the 
expression of D{x). Any element b of B has a form (cf. (1.5)) 



b = pu, p 



* 
* 



u 



In * 
In 
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and we write the (2n, n)-entry of u by Uy/e{G ky/e) and the (n, n)-entry of p by g(G k'^). 
Then by (12. 6p . we have 

D{ux) = J """^^ = b{x), 

D{px) = llJn-l{p)D{x)[(^ = 2pn-l{p)b{x). 

Thus 6(a;) has the same relative i?-invariancy with fn-i{x), and we see b{x) = — | 

since = -i/„-i(a;T) 7^ by ([23]). I 

For A e 7-^2 and s G C, we consider 



where dh is the normahzed Haar measure on Ki = U{1, 1) fl GZ/2(Ofc')- 

Proposition 2.4 Assume x G andD{x) is given by ^2.4^ . Setm = mm{vTr{a), f7r(rf)} 
and X = VT,{b) — m. Then A > and 



CkAD{x)-s) ^" 



In particular, one has 



fn-l{x) 



qs _ q-s 



a,P(a;),.) = \2\-''\U^^{x)f'CKmx),-s). (2.7) 

Proof. Let x G and write D{x) = ^ ^ 'ci/e ^ ^ 'd^ ) ' ~ ac? + c^e and 

e ^ C'fc^, we have Vt,[c) > m = min{t>^(a), t>7r((i)}, and W7r(&) > Since NiO^,) = , 
we see that D{x) is i^i-equivalent to a matrix 

^ J j ' ^ same as in D{x), v^{b) = m + \ > m, 6^ = vr™/, 

and CA'i(^(a;); s) = CxiiA; s). 

We recall the data for Ki = Ki^i U Ki^2 in §2.1, and set 

Cxi,(A;s)=/ |c/i(/i-A)|'-5c?/i, ^ = 1,2. 

Since / G 7r"'(Ofc)^, we have \di{h ■ A) \ = g""^ for any h G -ft'i,! and 

CK,A^;s) = ^^^-q--^^-'^\ (2.8) 

Assume /i G has the form as in §2.1. Then di{h-A) = N{a) (vr^+^w^e + (1 + vr-u-u)^/), 
and 

-m(s-i)-l 

Ck,,(A;.) = \ ^ if A = 0. 
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If A > 1, then 



+ q 



-{m+2+2£)(s-i) _^ ^-A^-{m+2A)(s-i) 



which is also vahd for A = 0. 
By (EH) and (^M), we obtain 



2s^ 



(2 



^(m+A)s+f ^(A+1) 



_ q-S 



1 + g 



-1 



X 



Now by Lemma [2 .Sj we obtain 



fn-l{x) 



gs — q-s 



X 



The identity (12.71) follows from the above explicit formula. 

Now we will prove Theorem 12. 2[ We consider the embedding 



/ In-l 



Ki~^K = Kn, h 



a b 
c d 



h 



Ln-l 



d ) 



Then we have 



U}t{.X]s) 



dh / \f{kx)\''^' dk 

dh / \f{hkx)\ dk 
Ki Jk ' I 



X 



K 



.(\{h{kx))\{ \h{kx)\'^-' xAfnihkx)) \Uhkx 



i<n i<n 



dh I dk 



By definition of fnix) and g{x,v) and Lemma [2.31 we have for h = [ ^ ) G i^i 



a h 



fn{hx) = det 



X' 



cy + dz 



— c 



= {d* -c*)D{x)i^_^j=d,{h*-'.D{x)). 
Since {h*^^ \ h & Ki} = Ki, we have 

Mx:s) = f xAllf^ikx))l[\f,{kxT~\K,{Dikx);Sn + ^)dk, 
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i<n i<n 



and by Proposition I2.4[ we obtain 

ujt(x; s) 



i<n i<n~2 



s„_i+2s,i-l 



vrV-1 

xCxADikx)] -Sn + -, )dk 

logg 

= |2|~^''" ujt{x; Si, ... , s„_2, + 2s„, -s„). 
In variable 2;, we have 

UJt{x; Zi, . . . , Zn-l, Zn) = |2|^^" UJt{x] Zi, . . . , Zri_i, — 

which completes the proof. I 

2.3. In order to describe functional equations of ujt{x] z) with respect to W, we prepare 
some notations. We denote by S the set of roots of G with respect to the fc-split torus 
of G contained in B and by S"*" the set of positive roots with respect to B. Let G 
be the element whose j'-th component is given by the Kronecker delta 6ij. Then we may 
understand 

= { Cj — Cj, Ci + Cj \ I < i < j < n} U {2ei \ I < i < n} , 

and the set 

So = {cj - Ci+i I 1 < i < n - 1} U {2e„} 

forms the set of simple roots. We denote by A the subset of W consisting of the reflections 
associated with elements in Sq. Then A = {rj | 1 < i leqn — 1} U {r} generates W . We 
write a < if a G S is negative. We consider the pairing on S x C" defined by 

n 

{a, z) =^ aiZi, (a e S, z e C"), 

i=l 

which is VT-invariant, i.e., 

(a, z) = a{z)), (a G S, a E W, z G C^). (2.10) 

Theorem 2.5 For T G Ti^'^ and a G W , the spherical function ujt{x; z) satisfies the 
following functional equation 

ujT{x;z) = T^{z)-UT{x;a{z)), (2.11) 

where 



o-(«)<0 



|2|* if a = 2ei for some i 



fa{t) = { i-qt-^ 

— otherwise, 



in particular, the Gamma factor To- (-2) does not depend on T nor x. 
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Proof. We determine Tfj{z) by (12.111) . which is a rational function of g^^, . . . , q^" 
and satisfies the cocycle relation 



^a2cn{z) = r^2(cri(z)) ■ T^^{z), (cri,0-2 £ W). 



(2.12) 



For an elemeten a G A associated with some ao G So, we have known, by Remark 1.5 
and Theorem 2.3 



/ 



\ 



\ o-(a)<0 



In general, assume that a E W has the shortest expression 

a = (Ti ■ ■ ■ (Ti, 



where cTj G A is the reflection of G Sq. Then by cocycle relations (12.121) together with 
(12.101) and the result for elements in A, we have 

T„{z) = r^^(o-£_i •• -0-1(2;)) ■■ ■r^2(ai(z)) ■ r^,(z) 

= fatiiae, cre~i ■ ■ ■ (^liz))) ■ ■■ /a2((a2, 0-1(2;))) ■ /c,, ((ai, 2;)) 
= faeiWi ■ ■■ai_i{ae),z)) ■ ■ ■ fa2{M(^2),z))fo,^{{ai,z)). 

Since 

{«gS+| a{a) <Q] = {ai---ak-i{ak)\ l<k<l}, 
we obtain, by definition of /q,, 

^<r{z) = n ^))- 

aes+ 

a{a)<0 



We note the explicit Gamma-factor for a particular element for the later use in §4. 
Corollary 2.6 Set peW by 

P{Zi, . . . , Zn) = {—Zn, —Zn-1, • • • , — 2i). (2.13) 

Then 



TpW = |2 



2(zi+-+z„) 



n 



(2.14) 



l<i<j<n 

Proof. Since 

{a G S+ I p(a) < 0} = {ci + I 1 < i < j < n} 
the assertion follows from Theorem 12.51 
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Remark 2.7 The above p gives the functional equation of the hermitian Siegel series 
(cf. §4), and it is interesting that such p corresponds to the unique automorphism of the 
extended Dynkin diagram of the root system of type (C„), which was pointed out by 
Y. Komori. 



2.4. By Theorem 11.31 and Theorem 12.21 we obtain the following theorem. 
Theorem 2.8 Set 

m = n 9a{z), 



where, for a E T,, 

9a{z) 



\2\ 2 if a = ±2ei for some i 

1 + g<°'^> 

otherwise 



1 _ q{a,z)-l 

Then, for any T G Ti.^'^, the function F{z)ujt{x\ z) is holomorphic for all z in C" and 
W -invariant. In particular it is an element in C[q^^^, . . . , q^^"]^ . 

Proof. For a G A associated with some a G So, F{z)u!t{x; a) is a-invariant, since 

9a{(^z) = gaa{z) = g^a{z), T^{z) = . 

miz)] 

Thus F{z)u!t{x; a) is W^-invariant, since A generates W. Set 



Fiiz)= TT ' \ 



l<i<j<n ^ 



Q 

i<i<j<n 



1 _|_ q^i+^j 

^2i+2j— 1 



Then F{z) = Fi{z)F2{z) and Fi{z)ujt{x] z) is holomorphic in z G C" and ^n.-invariant by 
Theorem 11.31 Hence F{z)ujt{x; z) is holomorphic in z G C", since it is ly-invariant and 
holomorphic for certain region e.g., {z G | Re(zi) < 0}. I 



§3 

3.1. In this section we give an explicit formula of u!t{x; s) at xt by using the general 
formula of Proposition 1.9 in |H2] (or Theorem 2.6 in |H4j ) . In order to apply it, we have 
to check several conditions ((Al) - (A4) in [II4J-§1), and it is obvious our [B, Xt) satisfies 
them except (A3), which is the same as (C) below. 



16 



Proposition 3.1 The following condition (C) is satisfied. 

(C) : For y G Xt not contained in Xjf, i.e., frin) = 0, there exists a character ip G {ipi \ 
1 < i < n) whose restriction to the identity component of the stabilizer of B at y is not 
trivial. 

We denote by U the Iwahori subgroup of K compatible with B, and state our main 
result in this section. 

Theorem 3.2 Let T = Diag{Tc^\ vr^") with Ai > As ■ ■ ■ > A„ > v^{2). Then 
where < X,z >= ^^{=1 '^i^i' ^A^) ^■^ defined in Theorem \2.5[ and 

2n 



uAxt; z) = ^ ' " ' ' J2 l{cr{z))K{z)q<''^^^>, (3.1) 



i=l 

(1 - g2.,-2.,-2)^i _ ^2.,+2.,-2) " ^ _ ^2.,-l 

i<i<j<n V y Ay ; j^]^ y 

1 - g2(a,^>-2 ^ _ g(a,^>-l 

11 1 _ q2{a,z) ' 11 1 _ g(Q,z> 



We admit Proposition 13.11 for the moment and prove Theorem 13.21 
The i?-orbits in Xj? are parametrized hj U = (Z/2Z)'^~^: for m G W set 

Xt,u = {x e Xt \ f7r(/r,j(a;)) = ui-\ \- Ui (mod 2), 1 < i < n - 1} . 

then X!^ is the disjoint union of these Xt^uS. We set 

ujt,u{x;s)= / \fT{kx)\l^' dk, 
Jk 

where 



|/T(i/)r+^ iiyeXT,u, 

\My)\V : 

otherwise 



For a character x = (xi, . . . , of W, we set 

Lt{x;x;z) = / xifrikx)) \fT{kx)\'^' dk = x(M)c^r,«(a;; 2;), 



where x('w) = 111'=!^ Xii^i + ■ ■ ■ + Ui). Adjusting z according to x, by adding to 
if necessary, we may write 

Lt{x]X]z) = ujt{x;z^). 
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Then, by the functional equations of ujt{x; z) (Theorem I2.5p . we have 

Lr{x- x; z) = T„{z^)Lt{x- (y{z)), a (3.2) 

by taking suitable character a{x) ofU. If x is the trivial character 1, then (13. 2p coincides 
with the original functional equation of u!t{x; z). We obtain 

{ujt,u{xt] z))^ = {A-^ ■ G{a, z) ■ a A) {ujt,u{xt; c^(^)))„ , 

where 

A = {x{u))^,u, ctA = (a(x)(M))^,„ G GL2n(Z), 

and G{a,z) is the diagonal matrix of size 2" whose (x, x)"Component is Tcriz^). For T 
given as in Theorem 3.2, we obtain 



u 



IfxiuXT)]^^" du = \fT{xT)\''^'' 

= (^_1)E» A.(n-i+l)^E»A,(n^i+i)^<A,2>^ 

where du is the normalized Haar measure on U. Setting 

(_1)E, A.(n-*+l)^E, A,(n-*+|)^<A,^> XtU{T) E Xt,u 

otherwise, 
we have, by Proposition 1.9 in [H2j (or its generalization Theorem 2.6 in [H4]), 



Su{xt, z) 



Q 



where 



2n 



aeW i=l 



Hence we obtain 

ix!t{xt]z) = 1{u)uu{xt; z) 



Q 



3.2. Now we will prove Proposition 3.1. 

We consider the action of G x U{T) on Xt by ((?, h) ox = gxh~^. Then, the stabilizer 
By of -B at yU{T) G coincides with the image -B(j^) of the projection to B of the 
stabilizer {B x U{T))y at y G Xt to 5. Hence the condition (C) is equivalent to the 
following: 
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(C) : For y e Xt such that friy) = there exists t/^ E {t/ji \ 1 < i < n) whose restriction 
to the identity component of B(^y^ is not trivial 

It is sufficient to prove the condition (C) (or (C)) over the algebraic closure k, since, for 
a connected linear algebraic group H, EI(A;) is dense in E[(A;). In the rest of this section, 
we consider algebraic sets over k, extend the involution * on A;' to A;, denote it by ~, and 
write X = (a^) for any matrix x — {xij). Since Xt is isomorphic to Xtih] by x i — > xh 
and = B(^xfi) for h e GL^, we may assume that T — !„. Then, our situation is the 
following: 

X = Xi^ = {X e M2n,n I H.a[x] = !„} , 

(f/(if„) X f/(ln)) X X — iig,h),x) I — > {g,h)ox = gxh-^, 
and B is the Borel subgroup of U{Hn) (as in (1.5)). We consider the set 

X = {{X,y)e M2n,n © M2n,n | 'vHnX = 1„} 
Xl \ [ 1/1 



*yia;2 + *yiX2 = 1^ 



2^2 / V 1/2 

together with {GL2n x GL„)-action defined by 

(5, /i) ^ (a;, 1/) = (5'a;/t"\ gy^h), g = Hn^g'^Hn, 
and take the Borel subgroup P of GL2n by 



(3.3) 



^0 p2 ) ^ 

where i?„ is the Borel subgroup of GL^ consisting of upper triangular matrices. 

Then, the embedding l : X 1 — > X, x 1 — > {x,x) is compatible with the actions, i.e., we 
have the commutative diagram 

{U{H^)xU{ln)) X X ^ X 

id t t 

{GL2n X GLn) X 36 X. 

For (x, I/) G X and p E P, set 

7i(x,y) = di{x2y2), A{p) = n ^^7^^^"+J' (1 ^ ^ ^ 

i<j<i 

where pj is the j-th diagonal component of p. Then /^(a;, |/)'s are basic relative (P x GLn)- 
invariants on X associated with characters ipi, fi{x,x) — fi{x) for x E X, and t/ji\B — i^i- 
We set 



{ {x,y) eX 



H f,{x, y) = 0, (P X GK) * (x, y) n ae ^ I . 



19 



For a = {x,y) e X, we denote by Ha the stabilizer of P x GLn at a, and by Pa its 
image of the projection to P. In order to prove the condition (C), it is sufficient to show 
the following: 

(C) : For each a E S, there exists some ip £ {ipi | 1 < i < n) whose restriction to the 
identity component of Pa is not trivial. 

It is sufficient to show (C) for representatives under the action of P x GL^. In the 
following we consider the case n > 2, since Xt — X^ for n = 1 and there is nothing to 
prove. 

Lemma 3.3 The condition (C) is satisfied for {x, y) E S for which det X2 ^ or det 7/2 7^ 
0. 

Proof. Let a — {x,y) & S and detx2 7^ 0. Then by the action of P x GL^, we 
may assume that X2 = yi = ln,xi = 0. Since (P x GLn) -k {x,y) D X 0, y2 is written 
as y2 = ^Poh by some po G P„ and h e GLn satisfying h = ^h (i.e., h is hermitian). Since 
fi{a) = di{y2), we have Yii di{h) = 0. Thus, in the same P x GL„-orbit containing a, we 
may take 

with hermitian matrix h satisfying 

h — lr-i-{0)-Lhi, or h — lr-i-h2, 

where < r < n — 1, and for h2, there is some i, {1 < i < n — r) such that each component 
in the first row and column or in the i-th row and column in except at or [i, 1) 

which are 1. Then Hp contains the following elements, according to the above type of h, 



( 









In , 



, In) or ( 









dr+i{a) 



where Sj{a) is the diagonal matrix in GLn whose diagonal components are 1 except the 
j-th which is a G GLi. Hence we see ipr+i ^ 1 on the identity component of Pg. 

The case a = {x,y) E S with det 1/2 7^ is reduced to the case det X2 7^ 0, since 
[3= {y,x) eS and if/j = { (p, V"^) | (p, r) G Ha} and ilji{p) = 'tpi{p)~'^. | 

Now we have to consider for (x, y) G <S having det X2 — det ^2 = 0. We set 

So = {{x,y) e S \ det X2 = det ^2 = 0} . 

Lemma 3.4 Under the action of PxGLn, every element inS^ is equivalent to an element 
(a;, y) of the following type. There exist integers 

1 < Ci < 62 < • • • < efc < n {1 <k < n), 
1 < ri < r2 < ■ ■ • ri < n {i — n — k), 

for which 

xi : 1 at {rj, k + j)- component for 1 < j < i and at any other component, 
X2 : 1 at {cj , j) -component for 1 < j < k and at any other component, 
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yi : the ej-th row is the same as in X2 for 1 < j < k, and {i, j)- component is if 
i < Cj or j > k, 

y2 : the rj-th row is the same as in Xi for 1 < j < i, and {i, k + j)-component is if 
i > rj. 

Proof. First we normalize X2 as above and make the first k columns of Xi into 0, 
where k must he 1 < k < n, since det X2 = 0. Then each of the rest k — n columns of Xi 
has nonzero component, since ^xH^y = 1„, and we can normalize x as the required form. 
Then, fixing this x, we can make y as above. I 

Lemma 3.5 The condition (C) is satisfied for elements in Sq. 

Proof. We may assume that a & Sq has the form given in Lemma \3M If ei > 1 or 
Ti = 1, ipi ^ 1 on the identity component of Pa, since 



In 






Si{a) 



, 1„) e Ha if ei > 1, ( 



6i{a) 






In 



,6k+i{a)) e Ha if ri = 1. 



In the following we assume that ei = 1 and ri > 1, and we continue the standardization 
of the representative. We denote by a*-^ the (2, j)-component for any matrix a. 
We take the following procedure, 
(i) If yl^' = 0, 1 < j < fc, we leave (x, y). 

11 If yl^ ^ for some j with 1 < j < fc, take the smallest possible j (say ji), and 
move the ji-th column into the first one and the j-th column into the (j + l)-th one for 
1 ^ J < jl] which is done by right multiplication of some h = G GLn satisfying 
= h^^. Changing x by this h, we reset {x, y) by the new one. 
To make into for z > 2, we take a matrix p E P of type 

^=(0 p° )' ^^=(i J e ^ e AW 

This p acts on x as left multiplication hj p = Hnp^^Hn (cf. (13.31) ). and stabilizes x, since 
every p\^ = for i = Vj. We reset (x, y) into the new one. 

(iii) We look at the second row of j/2- If y'2 =0; 1 < j < fc, we leave (x, y). Otherwise, 
we move the first nonzero column into the first one after (i), or the second one after (ii), 
and make its components below the second into 0. We continue the similar procedure 
until the r^-th row and reset (x, y) by the new one. Then 7/2 satisfies 

• y2 = for i < Vi and 1 < j < A;, or 

• for some integer(s) di < ■ ■ ■ < ds < Vf with I < s < k, 

y}' + 0, y"^'' = for 1 < J < s, j' < j, 

1/2"' = for 1 < z < r£, 2 7^ di, . . . , dg, I < j < k, 

the each e^-th row of 2/2 remains as before, and 

y2 = for i > Te, k + 1 < j < n. 

(iv) Since x has changed only by a permutation of first k columns, we return x into 
the original one by multiplying some hi = ^h^^ G GLn from the right, and reset y by yhi. 
We write 



X 






Jl 


J2 






, y 



Zl 





Z2 


z^ 



( Jl, Z3 G M„£, J2, 2:1, 2:2 G M, 



nk ) 
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Then, by a suitable chosen 

^ = ( o' le) ^ ^'^^^ ^ ^ ^""''^ ^ 

we make z'^ = Z2C + satisfy 

its i-th row is 0, if that of Z2 is not 0, for 1 < i < n, (3-4) 
its Tj-th row remains as before, except the j-th entry which is 1, for 1 < j < I. 

To make the latter £ rows of yih into 0, we take D = (dij) G M„ such that its r^-th column 
is the same as the j-th column of ziC for 1 < j < i, and any other column is 0; hence 
(ieij = Cij for 1 < i < and I < j < i. Setting 



P 



In -D 
1„, 



we have 



and 



px^h 



Pyh =(^24'' ^'1 = ^1 ~ ^^2, (3.5) 



tt,-l / In -D 

In 



J, 



Jl 










) ( X 


h 






Jl 


^0) 








X. 



We set f3 = {x,pyh), where x remains the same as the original and z'^ in pyh satisfies 
(13 ■4p . Hence contains (A, A2) satisfying 



A = [ ^ , Ai = Diag{ai, 




a if the z-th row of Z2 is 
1 otherwise 



A2 = Diag(l, . . . , 1, a, . . . , a) 



and ipi ^ 1 on the identity component of P/3 at least for i = rj,! < j < i. § 

Thus we have shown the condition (C) is satisfied for every {x, y) G S, which completes 
the proof of Proposition 3.1. 
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We recall the hermitian Siegel series, and give its integral representation and a proof of 
the functional equation as an application of spherical functions. 

Let ip be an additive character of k of conductor Ok- For T G T-Cn{k'), the hermitian 
Siegel series b-^iT; s) is defined by 

b^{T;s)= [ u^{R)-'^{tT{TR))dR, (4.1) 
Jn„(k') 

where tr( ) is the trace of matrix and i^niR) is defined as follows: if the elementary divisors 
of R with negative vr-powers are 7i~^^, . . . ,7i~^'', then p-^^R) = q^^+---+^r^ and fniR) = 1 
otherwise (cf. |Shj-§13). 

In the following we assume that T is nondegenerate, since the properties of 6,r(^; s) 
can be reduced to the nondegenerate case. We give an integral expression of bT,(T; s) by 
following the argument for Siegel series in |HS] -§2. 

We recall the set Xt for T e T-C^fik') 

Xt = Mk') = {xe M2n,n{k') \ H^[x\ = T] , 

which is the fibre space g^^{T) for the polynomial map g : M2n,n{k') — > Tinik'), g{x) = 
Hn[x] defined over k. We may take the measure \Qt\ on Xt induced by a A;-rational 
differential form u on M2n,n{k') satisfying u A g*{dT) = dx where dT is the canonical 
gauge form on T-Cn{k'), dx is the canonical gauge form on M2n,n{k')- Then the following 
identity holds (cf. [Ym], iHSJ-§2): 

/ 0(x) \Qt\ (x) 

JXrik') 

= lim / V'(-tr(Tt/)) / (f){x)ilj{tT{Hn[x]y))dxdy, 

where (j) G S{M2n,n{k')), a locally constant compactly supported function on M2n,n{k') 
and Uni^Ti-') = n'nik') n Mnin-^Ok'). 

The following lemma can be proved in the similar line to the case of symmetric matrices 
(cf. lHS]-§2). 

Lemma 4.1 //Re(s) > n, one has 

I |iV,,/,(detx2)|'""|eT|(x) (4.2) 
= lim / ipi-ti {Ty))dy \Nk'/k{detx2)\'' ip{tT{Hn[x]y))dx. 

Let C{k'; s) be the zeta function of the matrix algebra Mn{k'): 

C{k';s)= / \detx\l7^dx = / | A''fc'/jt(det x) j'' " dx, 
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whose explicit formula is well-known: 

1 - 



Then we have the following integral expression of hermitian Siegel series. 
Theorem 4.2 //Re(s) > 2n, we have 

b^{T;s) = Uk';^r' X [ |iV,,/,(detx2)|^"" IGtI (x). 

Proof. We define the Fourier transform of G S{Mn{k')) by 



(f)[z) = / (l){y)^lj{Tk'/kiti{yz*))dy, 

JMn{k') 

where Tki/k is the trace of the extension k' /k. Since 

ti{Hn[x\y) = tT{xlx2y) + ti^xlxiy) = tr((xi?/)*X2) + tr^x^xiy)) = Ty ik{ir{x2{xiyy 
the second integral in the right hand side of (14. 2p becomes 

|A^fc//fc(det xs) chM„{Oy)ix2y)dx2 

|A^fe'/fc(det X2)|'' chM„{Oy){x2y)dx2 

Mr.{Oy) 

s—n 



|iVfc'/fc(detx2)| dx 



2 

|det X2|^7"(ix2, 

AMOy)Dy 

where Dy = Diag{TT'^^, . . . , vr'^'', 1, . . . , 1) if the elementary divisors of y with negative 
powers are vr""^^, . . . ,7r~'^''. Hence the second integral in the right hand side of (14 ■2p 
equal to 



IdetDyl^, / |detx2|fc, "(ix2 = z/,r(2/) 

JM„{Oy) 

times(n{k' ] s). 



Now by Lemma [4. H we obtain 

/ |A^fc'/fc(detx2)|'' " |6r| {x 

JXrr(Ou) 



Uk'; s) X hm / u^{y)-^' ■ ij{-tT{Ty))dy 

Cn{k'-s) X K{T-2s), 



which gives the required identity. 
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We introduce the spherical function on Xt with respect to the Siegel parabohc sub- 
a b 



group P = i [ Q ^ ] eG 



a,b,de M„(fc')| by 
a;r(x;s)= / | A^fc'/fe(det(A;x)2) |'' dk. 



J K 

Then we have 

ut{x- s) = Idet ut{x; 1 - . . . , 1 - s - n + i - (4.3) 

which is holomorphic for s G C by Theorem 1.3. 
Proposition 4.3 Denote the k-orbit decomposition of XriOk') as 

Then one has 



s ^ s r 

K{T]s) = Cn{k';-y^ CiOJT{xi]-), Ci= \Qq 

^ i=i ^ Jkx, 



Proof. Since XriOk') is compact, it is a finite union of i^T-orbits as above. By 
Theorem 14. 2[ we have 

b^iT;s)xCnik';^) 



J2 [ |iVfe'A(dety2)|^~"|eT|(y) 
i=i 

V / / |iVfc,/fc(det(%)2)|^""rfA;|eT|(l/) 

,_i JKxi JK 



4 = 1 



Now we give the functional equation of hermitian Siegel series by using the results of 
functional equations of spherical functions on Xt- 

Theorem 4.4 



Proof. Let us recall p & W given in Corollary 12.61 For s G C, set 
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Then s* corresponds to z* G C" in 2;- variable with z* = — | + i — | — (n — + 1) ^^^^ , and 
p{z*) corresponds to 

d 1 _1 + 1) _ fZLvEI ZLvEI ^ZLvElN 

. . . , ±, 2^2! V logq ' • • • ' \ogq ' logg / 

in s-variable. We set -F„(s) = Vp{z*), Then by (14. 3p and Corollary I2.6[ we have the 
following functional equation 

^t{x-^ ^) = X.(detT)"-i |detT|r"Fn(s) x cDr(x;n - ^). 

Hence we obtain by Proposition 4.3, 

K{T-s) = x.ldetTrMdetrr-" ^"^^;'^" x K{T-2n-s). (4.4) 



Now, by definition. 



n— 1 

-nsW/ n(n-l) -p-p l_(_l)*g 



i=l 

Since we have 



we obtain 



FJs) X 



Cn{k'; n — |) 

^(" + 1) ^„ I n(3n + l) -pj 1 — ( — 



2 ^/-j^ I 1^ I I I 1^ 1 /Hf 1 



|2|— +^ JJ A. 



-s+n+i 



1. \ _ ^ ]^y+ng-(2n-s)+n-i 



II ~ (_l)ig-{2n-s)+i 

Substituting this value into (14. 4p . we have 

n-l 



_i - (-i)v 
1 - 

i=0 

which completes the proof. 



bAT;s) = x.(detT)"-^ |det(T/2)r-" J] ^ _ ^_\v;-?2n-.)+. >< ^^(^^ - 
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